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Abstract. We introduce the concept of frame of multipliers in Hilbert mod- 
ules over pro-C*-algebras and show that many properties of frames in Hilbert 
C* -modules are valid for frames of multipliers in Hilbert modules over pro- 
C*-algebras. 



1. Introduction 

Hilbert C* -modules are generalizations of Hilbert spaces by allowing the inner 
product to take values in a C*-algebra rather than in the field of complex numbers. 
But the theory of Hilbert C*-modules is different from the theory of Hilbert spaces, 
for example, no any closed submodule of a Hilbert C*-module is complemented. The 
notion of frames in Hilbert C*-moclulcs was introduced and some properties were 
investigated in [H [31 [T3] . Using the well known Kasparov stabilisation theorem [TO] 
which states that any countably generated Hilbert C*-module over A is unitarily 
equivalent with a complemented submodule of Ha, Frank and Larson [5] showed 
that any countably generated Hilbert module has a standard normalised frame. 
In |13j . Raeburn and Thompson showed that the Kasparov stabilisation theorem 
is valid for countably generated Hilbert C*-modules in the multiplier. Also they 
defined the concept of standard frame of multipliers for a Hilbert C*-module, and 
showed that every Hilbert C*-module countably generated in the multiplier module 
admits a frame of multipliers, thus generalizing results of Frank and Larson [2]. 

Pro-C*-algebras are generalizations of C*-algebras. Instead of being given by a 
single C*-norm, the topology of a pro-C*-algebra is given by a directed family of C*- 
scminorms. In the literature, pro-C*-algebras have been given by different names 
such as 6*-algebras ( C. Apostol), LA'/C*-algebras (G. Lessner, K. Schmiidgen) or 
locally C*-algebras (A. Inoue, M. Fragoulopoulou, A. Mallios, etc). Hilbert mod- 
ules over pro-C*-algebras were considered independently by Mallios and Phillips 
[T2] . Phillips showed that the Kasparov stabilisation theorem is valid for count- 
ably generated Hilbert modules over metrizable pro-C*-algebras and we shoved 
that this theorem is valid for countably generated Hilbert modules over arbitrary 
pro-C*-algebras [7]. 

In this paper we extend some results from [2j [3j [13] in the context of Hilbert 
modules over pro-C*-algebras. The paper is organized as follows. In Section 2 we 
recall some facts about pro-C*-algebras and Hilbert modules over pro-C*-algebras. 
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In Section 3, we introduce the concept of frame of multipliers for Hilbert modules 
over pro-C*-algcbras and prove that any Hilbert module over a pro-C*-algebra 
countably generated in the multiplier module admits a standard normalised frame 
of multipliers. Also we show that the reconstruction formula is valid for standard 
normalised frames of multipliers and the existence of the frame transform. It is 
known that if the bounded part b(E) of a Hilbert module E over a pro-C*-algebra 
A is a Hilbert C*-module over b(A), and if b(E) is countably generated in the 
multiplier module, then E is countably generated in the multiplier module. We show 
that b{E) admits a standard frame of multipliers, then E admits a standard frame 
of multipliers. In Section 4, we introduce the notion of dual frame of multipliers 
and prove a necessary and sufficient condition for that two frames of multipliers are 
duals to each other. 

2. Preliminaries 

Let A be a pro-C*-algebra. The set S(A) of all continuous C*-seminorms on 
A is directed (p > q if p(a) > q(a) for all a G A). For each p G S(A), the 
quotient *-algebra A/kerp, where keip = {a G A;p(a) = 0}, denoted by A p , is 
a C*-algebra in the C*-norm induced by p. The canonical map from A onto A p 
is denoted by ir p . For p, q G S(A) with p > q, there is a canonical surjective 
morphism of C*-algebras ir pq : A p — > A q such that ^ pq {^ p (a)) = TT q (a) for all 
a G A, and {A p ; ^ pq }p, q eS(A),p>q is an inverse system of C*-algebras. Moreover, 
the pro-C*-algebras A and lim A p can be identified. 

An element a G A is bounded if 

ll a IL = sup{p(a);p G S(A)} < oc. 

The set b{A) of all bounded elements in A is a C*-algebra in the C*-norm IHI^. 
Moreover, b(A) is dense in A. 

Here we recall some facts about Hilbert modules over pro-C*-algebras from [7J 

p. 

Definition 2.1. A pre-Hilbert A-module is a complex vector space E which is also 
a right A-module, compatible with the complex algebra structure, equipped with an 
A-valued inner product (■, ■) E : E x E — > A which is C-and A-linear in its second 
variable and satisfies the following relations: 

(!) {^,V)* E = (v,0e for every £,,r] <E E; 

(2) (£,Ob>0 for every £ G E; 

(3) (£, i) E = if and only if£, = 0. 

We say that E is a Hilbert A-module if E is complete with respect to the topology 
determined by the family of seminorms {pe}p&s(A) where p E (^) = ^Jp ((£, £)_e)> £ ^ 
E. 

An element £ in a Hilbert A-module E is bounded if 

lielL - su P {p £ (0;p g 5(A)} < co. 

The set 6(£') of all bounded elements is a Hilbert 6(A)-module which is dense in E. 

A Hilbert A-module E is countably generated if there is a countable set 
in E such that the submodule of E generated by {£ n a; a G A, n = 1,2, ...} is the 
whole of £\ 
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If A is a pro-C*-algebra, then A is a Hilbert A- module with {a,b) A — a*b, and 
the set Ha of all sequences (a n )n with a n £ A such that ^2 a*a„ converges in A 

n 

is a Hilbert A-module with the action of A on 2?^ defined by (a n ) n b = (a n b) n 
and the inner product defined by {(«„)„, (b n ) n ) H = ^2 a*6„. Moreover, if A has a 

n 

countable approximate unit, then the Hilbert A- modules A and Ha are countably 
generated. 

Let E be a Hilbert A-module. For p G 5(A), the quotient vector space 23/ ker (p E ) , 
where ker(p B ) = {£ G E;p E (^) = 0}, denoted by 2£ p , is a Hilbert A p -module 
with (£ + ker(p E ) )TTp(a) = £a + ker (p E ) and (£ + ker (p B ) , 7? + ker (p B ) )^ = 

7Tp ((^, J7) B ). The canonical map from 23 onto 2? p is denoted by up 5 . For p,q € S(A) 
with p > q there is a canonical surjective morphism of vector spaces a pq from 
E p onto 2? 9 such that &p q ((Tp(0) = f° r au ( £ ^, and {E p ; A p ; ap q ,Wp q 

}p,qeS(A),p>q is an inverse system of Hilbert C*-modules in the following sense: 
Vp q (.t p ap) = ^ q (Qn^ q (a p ),^ p £ E p ,a p £ A p ; ((?p q (€p),<7p q {Vp)) Eii = ^pq{(^ P , V P ) E J, 
€ p , T] p £ E p ; crp p (C p ) = £ p , i p £ Ep and af r o a® q = a^ r if p > q > r. The Hilbert 
A-modules lim E p and E can be identified. 

P es(A) 

Given two Hilbert A-modules E and F, a module morphism T : E — > F is 
continuous if for each p £ 5 (A) there is M p > such that p F (T£) < M p p E (£) for 
all £ £ E, and it is adjointable if there is a module morphism T* : F — > E such that 
(T£, 77) = (£, T*7y) for every t; £ E and rj £ F. Any adjointable module morphism is 
continuous. The set of all adjointable module morphisms from E to F is denoted by 
L (E, F). For each p £ S(A), there is a linear map (w^ F )^ : 2,(2?, F) -> L (F p , F p ) 
defined by 

«' J? ).(T)(^(0)=<(T(0) 
for T e L(E) and £ £ E. The vector space L(E,F) is a complete locally convex 
space with respect to the topology defined by the family of scminorms {Pl(e,F)}peS(A)i 
where p L { E> F){T) = \\^p' F )*{T)\\ L(EpFp) , T £ L(E,F). If E = F, L(E, E) is de- 
noted by L(E) and it is a pro-C*-algebra. 

For p,q £ S(A) with p > q, there is a linear map (^p q F ) '■ L(E p ,F p ) — > 
L(E q , F q ) such that 

« ,f ),(^)K(0)=<(t p K(0)) 

for all T p G L(Ep,F p ) and ^ £ £, and {L(F p ,F p ); (7T p s 9 ' i! ')*}p,geS(vl),p>9 is an 
inverse system of Banach spaces. Moreover, the complete locally convex spaces 
lim L(Ep,F p ) and L(E,F) are isomorphic. 

The set b(L(E, F)) of all bounded elements in L(E, F) (T £ b(L(E, F) if sup{ 
Pl(e,f)(T)]P £ S(A)} < 00), is a Banach space which is isomorphic with L(b(E), b(F)). 

Now we recall some facts about multiplier modules from [5], [T3] . The set L(A, E) 
of all adjointable module morphisms from A to E is a Hilbert L(A)-module with 
the action of L(A) on L(A, E) defined by 

L(A, E) x L(A) 3 (T,S)^T-S = ToS £ L(A, E) 

and the inner-product defined by 

L(A, E) x L(A, E) 9 (T, R) 1— > (T, S) = T* o S £ L(A). 



4 



MARIA JOITA 



Since the locally C*-algebras L(A) and M(A), the multiplier algebra of A, can be 
identified p72|. 17]. the Hilbert L(A)-modu\e L(A,E) can be regarded as a Hilbcrt 
M(A)-module. The Hilbert M(A)-module L(A,E) is called the multiplier module 
of E and it is denoted by M(E). Moreover, the topology on M(E) induced by 
the inner product coincides with the topology defined by the family of seminorms 
{Pm(e)} p <es(A), with 

P~M(E)( h ) =PL(A,E) O) 

for all h G M(E) and for all p G S(A). The map i E : E -> M(E) defined by 

{a) = Za,£eE,aeA 
identifies E with a Hilbert submodule of M(E) and then 

for all /i G M(E) and I; & E. Moreover, if a 6 ^4 and h G AI(E), then /i ■ a can be 
identified with /i(a). 

Definition 2.2. >1 Hilbert A-module E is countably generated in M(E) if there is 
a countable set {h n ~, h n G M(E), n = 1,2,...} such that the closed submodule of 
M(E) generated by {h n -a; nei, n= 1,2, ...} is £/ie whole of E. 

Remark 2.3. If the Hilbert A-module E is countably generated in M(E), then, for 
each p G S(A), {(^p' E )*(h n ); h n G M(E), n — 1,2,...} C AI(E p ) is a generating 
set for E p , since (^p ,E )*(h n ) ■ Tfp(a) = a E (h n ■ a) for all n = 1,2, ... and for all 
a 6 A, and since (E) = E p . Therefore the Hilbert A p -module E p is countably 
generated in M(E p ) for each p G S(A). 

Example 2.4. If A is a pro-C* -algebra, then the Hilbert A-module A is countably 
generated in M(A), {1m(A)} being a generating set. 

Example 2.5. For any pro-C* -algebra A, the Hilbert A-module Ha is countably 
generated in M(Ha)- 

Indeed, for each positive integer n consider the linear map e n : A — > Ha by 
en(a) = (0, ...0,a,0, ...), the element in Ha whose all the components are excepts 
at n th component which is a. Clearly, e n is a module morphism. Moreover, e n is 
adjointable and e* ((a m ) m ) = o-n- 

Let (a n ) n G Ha- Since 

(m \ ^ / oo 

( a «)n - e k ■ a k j = P I a k ak 

k=l ) \k=m+l 

for all p G S(A) and for all positive integer m, {a n ) n = X) e fe ' a k- Therefore, the 

k 

Hilbert submodule of At (Ha) generated by {e m • a; a G A, m = l, 2, ...} is Ha, and 
so {e m , to = 1, 2, ...} C M(Ha) is a generating set for Ha- 

Remark 2.6. If E is a countably generated Hilbert A-module, then E is countably 
generated in AI(E). 

In general, E is not countably generated when E is countably generated in AI(E). 

Example. Let A be a pro-C* -algebra which does not have a countable approx- 
imate unit. We seen that the Hilbert A-module A is countably generated in AI(A) 
but it is not countably generated. 
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Remark 2.7. If E is a Hilbert A-module such that b(E) is countably generated in 
M(b(E)), then E is countably generated in M{E). 

3. Frame transform and reconstruction frame 

Let £ be a Hilbert A-module. 

Definition 3.1. A sequence {h n } n in M(E) is a standard frame of multipliers in 
E if for each^G E, £ (£, 

hn>M(E) C l «'Oi!(£) converges in A, and there are two 

n 

positive constants C and D such that 

M{E) E 

n 

for all £ G E. If D = C = 1 we say that {h n } n is a standard normalized frame of 
multipliers. 

Remark 3.2. Let {h n } n be a sequence in M(E). If {h n } n is a standard frame of 
multipliers in E, then {(jr£' E ) (h n )} n is a standard frame of multipliers in E p for 
each p £ S{A). 

Remark 3.3. Let {h n } n be a sequence in M(E). Then {h n } n is a standard nor- 
malised frame of multipliers in E if and only if {(tt™' e ) (h n )} n is a standard 
normalised frame of multipliers in E p for each p £ S(A). 

Remark 3.4. If {h n } n is a standard frame of multipliers in E, then h n 6 b{M(E)) 
for all positive integer n. 

Indeed, let £ G b(E) and let m be a positive integer. From 

< {t,ih m ) M{E) (hm,OM(E) — ^ (£; hn)M(E') (^™'0a/(£) - D(£,£) E 

n 

and [4], we deduce that 

p({hm,t) M{E) ) 2 < -Pp ((60b) 

for all p € S(A). Then 

P A (h* m (®f<Dp E (0 2 <DU\\l 
for allpe S(A). This implies that h* m £ b(M(E)). Therefore h m 6 b(M(E)). 

Example 3.5. For any pro-C* -algebra, {e n } n is a standard normalised frame of 
multipliers in Ha- Indeed, if (a n ) n S Ha then, since 

(( a m) m i e n)M(H A ) ( e ™' \ a m) ' m ) M(H A ) = a n a n 

for each positive integer n, we have 

^ (( a ™)m ' en )M(H A ) ( e "' ( a "»)ro) M(H A ) = a n a n = (( a m) m > ( a ™)m)if A 

n n 

and so {e n } n is a standard normalised frame of multipliers in Ha- 

Proposition 3.6. Any countably generated Hilbert A-module E in M(E) admits 
a standard normalised frame of multipliers. 
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Proof. Indeed, let P : Ha — » E be the projection of Ha on E [H Theorem 4.2]. 
Then {(^ A ' E ) (P)° ( 7r ^' HA )„ (e n )}n is a standard normalised frame of multipliers 
in E p for each p £ [131 Corollary 3.3]. From this fact, Remark 3.3 and taking 

into account that {^" A ' E )^ (P) ° {^ Ha ) „ (e„) = (^p' E )^ ( F ° e n) for all n and 
for all p e <5(^4) we conclude that {P o e„}„ is a standard normalised frame of 
multipliers in E. □ 

Theorem 3.7. ( The reconstruction formula) Let E be a countably generated 
Hilbert A-module in M(E) and let {h n } n be a sequence in M{E). Then {h n } n 
is a standard normalised frame of multipliers if and only if for all £ £ E, ^2 h n ■ 



{h-rnO m(E) converges in E and moreover, 



M(E) 



Proof. By Remark 3.3 and [T3"l Theorem 3.4], {h n } n is a standard normalised frame 



M(E) 



of multipliers in E if and only if £ (rf E ) (h n ) • ( (h n ) , a E (£) ) con- 

verges in E p for all £ £ J5 and for each p £ and moreover, 

< (0 = E (*») • ( K E ), (M > < (0 

n 

From this fact and taking into account that 

( ft fc>0jlf(J5)J 

^fc ' { h ki€) M (E) 
k=l / 




fc=i 



M{E) 



for all for all p € <S , (A) and for all positive integer n, we deduce that {/i„} n 

is a standard normalised frame of multipliers in E if and only if Y] h n ■ (h n ,£) M (e) 

n 

converges in E for all £, £ E, and moreover, £ = h n • (h n ,£,) m(e) f° r a ^ £, ^ E. □ 

n 

Remark 3.8. // {/i„} n is a standard normalised frame of multipliers in E, then 

J2( h n° h* n ) (£) = £ /or a// £ € E, since (h n o ft,*) (£) = /i„ • (h ni ^) M(E) for each 
n 

positive integer n. Therefore, {h n } n is a standard normalied frame of multipliers 
in E if and only if ^2 (fin ° ^n) (0 converges in E for each £ G £" arid moreover, 

n 

e ° ^) (0 - e- 

n 

Corollary 3.9. Ifb(E) admits a standard normalised frame of multipliers, then E 
admits a standard normalised frame of multipliers. 

Proof. We will show that if {h n } n is a standard normalised frame of multipliers 
in b{E), then {h n } n , where h n is the extension of h n to an element in M(E), is a 
standard normalised frame of multipliers in E. 
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Let £ e E, p E S(A) and e > 0. Since b(E) is dense in E, there is C e fr(-E) such 
that p E (C — Co) < e/3. Since {h n } n is a standard normalised frame of multipliers 
in b(E), there is n such that 



Co - E ° ^) (Co) 
fc=i 



< e/3 



for all n with n > ng. Then 



Pe (c - t (hk o ft/) (C)) < Pis (£ - Co) + (Co - t (hk o /ife) (Co)) 



+P B IE ( 

< e/3 



ftfc o h k (C - Co) 



Co - E (hk o /ifc) (Co) 
fc=i 



[T, h k oh k ) p B (C - Co) 



< e/3 2 



(, + 


n — ■ — * 

Y, h k o h k 
fe=l 




it h k oh* k ] 
fc=i / 



for all n with n > n . This shows that (hn °h n J (C) converges to C m i? for 
each C S £7 and so {ft.„}„ is a standard normalised frame of multipliers in E. □ 

If {h n } 

n is a standard frame of multipliers in E 1 then ^ (C, h n ) j^^ E ^ (h ni C)M(i?) 
converges in i? for all £ £ E. From this fact and taking into account that (h n , m(e) ^ 
A for all positive integer n, we conclude that (^{h n , C)m(_e)) e ^a- Thus we can 
define a linear map 9 : E — > ff^ by 

0(0 = ((^,o M(J?) ) n . 

Moreover, is a continuous module morphism, since 

(£ a ) = Ca>M(£)) n = (</*n, C)m(B) a ) n = 9 (0 « 

for all C € -E and for all a e A and 

Ph a Wit)) 2 =p(^2(t,h n ) M{E) (h n ,Q M(E ^J < Cp E {Ci 2 
for all C G £ and for all p G 5(A) . 

Definition 3.10. Lei {h n } n be a standard frame of multipliers in E. The module 
morphism 9 : E — > defined by 0(C) = ((/i n > C)m(b)) * s ca ^ ec ^ ^ e frame 
transform for {h n } n . 
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Theorem 3.11. ( The frame transform) Let E be a countably generated Hilbert 
A-module in M(E) and let {h n } n be a standard frame of multipliers in E. The 
frame transform 9 is an adjointable module morphism which realizes an embedding 
of E onto an orthogonal summand of Ha, and 9* o e n — h n for all n. Moreover, 
9* o 9 is an invertible element in b{L (E)). 

Proof. Since {h n } n is a standard frame of multipliers in E, {^( 7r p' B ) st (hn)j}n is 
a standard frame of multipliers in E p for each p 6 S(A). Let p G S(A). The frame 
transform for {((j^' E ) i , (h n )^J}n is an adjointable operator 9 p :E p ^> Ha p defined 

by 

P K (0) = ((«'*), (*n)»°# (0) M(£p) ) n ■ 

Moreover, 9 P preserves the inner product and 9* o (t^ p ' Ha ) ^ (e n ) = (n"p' E ) {h n ) 
031 Theorem 3.5]. Since 

for all p,q G S(A) with p > q, there is 9 G L(E, Ha) such that 

(n^)J9)=9 p 

for all p £ S(A). Clearly 

for all ^ G E. Therefore 9 is the frame transform for {h n } n . Moreover, 9 preserves 
the inner product and 9* o e„ = h n for all n. 
From 

M(E) C 1 "! Om(E) I 

= phAHO) 2 <D P ({tO E )^Dp E (0 2 

for all p G S(A) and for all £ G E, we conclude that 9 is an injective adjointable 
module morphism from E to Ha with closed range. Moreover, 9 G b(L(E, Ha)- 
By [51 Theorem 2.2], 9(E) has an orthogonal complement in Ha, 9* is surjective 
and the restriction 9*\q^e) of 6* on 9(E) is an invertible element in b(L(9(E), Ha)- 
Then 9* o 9 is invertible, and moreover, 9* o 9 E b(L(E)). □ 



Theorem 3.12. Lei E be a countably generated Hilbert A-module in M(E) and 
let {h n } n be a sequence in M(E). Then {h n } n is a standard frame of multipliers 
in E if and only if there is an invertible element T in b(L(E)) such that {T o h n } n 
is a standard normalised frame of multipliers in E. 

Proof. Suppose that {h n } n is a standard frame of multipliers in E. Let 9 be the 
frame transform. Then 9* o9, and so (9* o 9) 2 , is an invertible element in b(L(E)). 
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Let (e£. Then there is rj S E such that (9* o 0) 2 (77) = £ and 

<£,£> E = ((^^) 4 W,(r°^)Mr?)) E = ^(T 7 ) ! e(r ? ))^ 

= X] fa' ^™)-M"(B) (^"' rf) M{E) 
n 



M(E) 



M(E) 



= ^(U0*oerK hn ) M{E) ( { e*oe)-K hn ,e /M(m 
* — - 

Therefore {(0 o 0) 2 o ft, n }„ is a standard normalised frame of multipliers in £\ 

Conversely, suppose that there is an invertible element T in b(L(E)) such that 
{T o /i„}„ is a standard normalised frame of multipliers in E. Since T 6 b(L(E)), 



< 



( see, for example, [HI Proposition 1.2]) 

for all p e 5(A) and for all £ G E, and then by [4] 

(T(0,T(0) E <\\T\t{tO E 
for all £ € E. Then, since T is invertible we have 

for all £ £ E. From these relations and taking into account that 



(T * r i (0j(T * r i (0 \ 
{T o h n } n is a standard normalised frame of E in M(E) 



M(E) 



M(E) 



Tohk^T*)- 1 ^)) 
1 1 



M(E) \ I M(E) 

HmJ2(Z, T" 1 o (T o h k )) (T- 1 o (T o , J 



'M(_B) 



fc=l 



= U ™Z] ^' ^)m(E) (hk, 0m(e) 



fe=i 



for all ^ G -E, we deduce that {/i ra }„ is a standard frame of multipliers in E. □ 

Corollary 3.13. Ifb(E) admits a standard frame of multipliers, then E admits a 
standard frame of multipliers. 
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Proof. Let {h n } n be a standard frame of multipliers in b(E). By Theorem 3.12 there 
is an invertible element T 6 L(b(Ej) such that {T o h n } n is a standard normalised 

frame of multipliers in b(E). Since T o h n = T o h n (T o h n denotes the extension 
of T o h n to an element in M(E) ) for each positive integer n, by Corollary 3.9, 
{Toh n } n is a standard normalised frame of multipliers in E, and then, by Theorem 
3.12, {h n } n is a standard frame of multipliers in E, since T is an invertible element 
in b(L(E)). □ 



4. Dual frames 

Lemma 4.1. Let E be a countably generated Hilbert A-module in M(E), let {h n } n 
be a standard frame of multipliers in E, and let S be an invertible positive element 
in b(L(E)). Then {S o h n } n is a standard frame of multipliers in E. 

Proof. Let £ e E. Since 

n n 

M(E) (S ° hk,€) M (E) — E ' hk)M(E) 

(h k ,S* (£)> M(E) 

fc=l fe=l 

and since {/i n } n is a standard frame of multipliers in _E, ^ (£, 5 o h n ) M , E ^ (S o /i„, 0m(e) 

n 

converges in A. Moreover, 

C (S*(0, < E & 5 ° ^ W) (S O hn, M{ E) < D (S* (£) , S* (£)) E . 



Since S is an invertible positive element in b(L(E)), S* is an invertible element in 
b(L(E)) and then 

US- 1 !" 2 (t,Q E < (S'(Q,S*(Q) E < (60s • 

From these facts we conclude that {S o h n } n is a standard frame of multipliers in 
E. □ 



Remark 4.2. Let E be a countably generated Hilbert A-module in M(E), let {h n } n 

be a standard frame of multipliers in E. Lf 9 is the frame transform of {h n } n , then, 

by Theorem 3.11, (9* o 9) 1 is an invertible positive element in b(L(Ej) and by 

Lemma 4-1, {(9* off) o h n } n is a standard frame of multipliers in E. Let £ £ E. 
_ i 

Since {(9* o 9) 2 o h n }„ is a standard normalised frame of multipliers in E ( the 
proof of Theorem 3.12) we have 



(o* o 0)-* (o = E (<?* ° ° ^ • ((#* o ey* o (r o ey* (o) 

n 
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From this fact and Theorem 3. 7, we obtain 

i = (0*°0)*((0*°0r'(o) 

= (o* o 9y [Y, (o* ° *)~* ° K ■ ((<r o o h n , (e* o (o) 

V n 

= (6*o6y [lim^(6>* o6»)-5 o /j fe • ((6* o6)~ l oh k ,£ 

n 



M(E) 



T/iis shows that h n ■ ( (9* o 9) 1 o h n , £ ) converges to £. 

n X ' M(E) 

Definition 4.3. Lei E be a countably generated Hilbert A-module in M(E), let 
{h n }n be a standard frame of multipliers in E. We say that a standard frame of 
multipliers {t n } n in E is a dual frame of multipliers of {h n } n if^h n - (tn,&M(E) 

n 

converges in E for all £ e E and moreover, 

n 

The standard frame of multipliers {(9* o 0) 1 o h n } n in E, where 6 is the frame 
transform of {h n } n , is called the canonical dual frame of multipliers of {h n } n and 
(9* o 9) 1 is said the frame operator of the standard frame of multipliers {h n } n . 

Theorem 4.4. ( Reconstruction formula) Let E be a countably generated Hilbert A- 
module in M(E) and let {h n } n be a standard frame of multipliers in E. Then there 
is a unique invertible positive element S G b(L (E j) such that ^ h n ■ (S o h n , Om(e) 

n 

converges in E and moreover, 



M(E) 



for all £ e £. 



Proof. By Theorem 3.12 there is an invertible element T e b(L(E)) such that 
{To h n } n is a standard normalized frame of multipliers in E. By Theorem 3.7, for 
each £ £ E, T° h n ■ (T o h n , Om(e) converges in E for each £ £ E, and moreover, 



£ = ^To/ l „-(To/ l „,£) M(s) 

n 
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Then 

/ n N 



fe=l 



= p E (t- 1 (t(0 -pToh k -(To h k , T(0) M{E ^j ^ 

/ n N 

< Pl(e)(T~ 1 )p e I T(£) -^To/if (To /i fe ,T(£)) M(s) 



\ fe=i / 

for all £ <E -E, for all p £ S(A) an d for all positive integer n. From this fact and 
taking into account that 

m) = Y J Toh n -{Toh 1u T^)) M(E) 

n 

for all £ G E, we deduce that ^ • {(^* o T) o /i n ,Q M ^ converges in £7, and 

n 

moreover, 

Z = Y,hn-((T*oT)oh n ,0 M{E y 

n 

Let S = T* o T. Clearly, 5* is a positive invcrtiblc element in b(L(E)). Moreover, 
X>™ • (S o K,£) M{E) converges in E, and £ = £ ft„ • (5" o ft„, £)m(e) for a11 £ e ^ 

To show that S is unique with the above properties, suppose that there is two 
positive invertible elements Si and S2 in b(L(E)) such that for each f e £, ^ • 

n 

{Si o h n ,C) M ( E ) and £ /i„ • (S 2 o h n ,£) M (E) converge in £, and 

n 

£ = E ■ ( S l M (E) = ^2 h n- (5*2 ° /in, M(E) ■ 
n n 

Then 

£ = E' 1 ™ ' ^ ° hn 'OM(E) = ^2 h n ■ (Si ° S2 1 o S 2 o K,t) M{E) 

n n 

= ]>>„■ ° *n, ° Si) (0) M(S) - ^ O Si) (0 

n 

for all £ G -B. This implies that Si = S2 and the uniqueness is proved. □ 

Remark 4.5. TTie dual frame of multipliers of a given standard frame of multipliers 
is unique. 

Proposition 4.6. Let E be a countably generated Hilbert A-module in M(E) and 
let {h n } n and {t n } n be two standard frames of multipliers in E with the frame 
transforms 81 and 82 ■ Then these frames of multipliers are duals to each other if 
and only if 8* o 8 2 =id E . 
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Proof. First we suppose that the standard frames of multipliers \hn\n and {£n}n 
are duals to each other. Then 

n 

= (£>*™)m(.E) (hn,V)M(E) = ^^k) M {E) (hk,V) M{E) 

n fe=l 



■V 



U=l / M(E) 

= \ li ^[^ h k-( t k,OM(E)) »»?) 

\ \fe=l / / M(E) 

= &n) E 

for all E E, and so #J o # 2 =idfi. 

Conversely, suppose that 0^ o 2 =id_E. Let £. From 

\fc=n+l / 

= su P {p / X • (t k ,0 M (E) >v) \ ;v e (»?) < 1} 
y\fe=n+i / s y 

= su P {p ^ {^tk) M { E ) ( h k,v) M (E) );»? e < 1} 

\fc=n+l / 

l_ l_ 

(OO \ 2 / OO \ 2 

X ^^M(B)(**»Om(£) Pi X ^^ h k)M(E) ( h k,V) M (E) I ! 
fc=n+l / \k=n+l / 

VeE,p E ( V )<l} 

M(E) M(E) 

supjj? 

\k=n+l / \ n ) 

rjeE,p E (r])<l} 

(OO \ 2 

H (^')M(£)fe'Ojf(E) sup{p( J D 1 (7 7 ,r7) jE )5; ?? eS,p £; (ry) < 1} 
fc=n+l / 

<Dlpl X (f>*fe>Jlf(E) (**.Om(B)J 
\fe=n+l / 

for all j3 G and taking into account that (£, tn)M(E\ (*»iOm(b) con " 

n 

verges in A, we deduce that ^ /i„ • {tn,Cl m(e) converges in A. 

n 



n 
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for all r\ G E, we have 



k=l 



M(E) >V j I 

= P ( X] ^' tn ^M(E) C 1 "' r l)M{E) ~ X] ^' tk ^M(E) (hki V)m(E) J 
V n k=l / 

= P E ^'* fe )M(B) <&fc>»7>M(S)) 
\fc=n+l / 

for all positive integer n, for all J? £ E and for all p e 5(A) and since ^ (£, t n ) M , E -, 

n 

i h n,v) M (E) converges in A, 

\ k=l / E 

for all rj £ E. From these facts, we deduce that fe„ • (Un m(e) converges to 

n 

£ and so the standard frames of multipliers {h n } n and {t n } n are duals to each 
other. □ 

Corollary 4.7. Let E be a countably generated Hilbert A-module in M(E). The 
canonical bi-dual frame of a standard frame of multipliers {h n } n in E is the frame 
itself. 

Proof. Let £ G E. If 6' is the frame transform of the dual frame of multipliers 
{(8* o d)^ 1 o h n } n , then 

o'(0 = (((e*o6)- 1 oh n ,z)) n = ((h n ,(6*o6)- 1 (t))) n 
= e((6*o6)- 1 ($) = (9o(6*oer 1 )(0. 

This shows that 6' = 8 o (6* o 0) 1 . A simple calculus show that 

({e')* oe 1 )' 1 = 6* o6 

and then 

\q')*oq'\ o (6* o ey 1 o /i„ = h n 



for all positive integer n. Moreover, 

(<?')* o<9 = id s . 

From these facts and Proposition 4.6, we conclude that the canonical bi-dual frame 
of multipliers of the standard frame of multipliers {h n } n in E is the frame itself. □ 
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